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The notes were roughly proofread.
There shouldn’t be substantial mistakes.
I’m not planning on addingmore material.

Feedback on the math and the storytelling is welcome.

Thepresent notes largely grew out ofme reading [ABGHR14]. Themathematical contents are
hardly if ever original, as most of the effort is in the interpretation into the present language.
In other words, this is my retelling of a classical story from a 2020s’ algebraist’s perspective.
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Prelude

Let𝑀 be a closed smooth𝑚-manifold and 𝜉 a vector bundle on𝑀. One might want to find
invariants of𝜉, or to study the zero locus of a generic section. Quite often onefinds the question
encoded through theThom construction of 𝜉. Classically this is presented in the literature in a
multitude of fashions:

1. Th𝜉 is the one-point compactification of the total space 𝐸𝜉.

2. With a choice of bundlemetric on𝜉, one can identify Th𝜉with the quotient𝐷𝜉/𝑆𝜉 of the
disk bundle by the sphere bundle. Equivalently, it is the mapping cone of the projection
from the sphere bundle cofib(𝑆𝜉 ↠ 𝑀).

3. Without making the contractible choice of metric, one may replace the sphere bundle in
the above construction with the bundle of non-zero vectors. This gives 𝐸𝜉/(𝐸𝜉 ∖ 0M).

We algebraists immediately dismiss the first construction as nonsense, and indeed it should be
viewed as a special case of 2. when𝑀 is compact. The 3rd description best reflects the geometric
intuition in that the (co)homology of Th𝜉 is the local (co)homology at the zero section.
This note reinterprets Thom’s construction in the “Fundamental Six Functors of Algebraic Topo-

logy”, and deduce some classical results of algebraic topology.

An ⟶ PrLst

(𝑋
f
−→ 𝑌) ⟼ (SpX

f!−⇀↽−
f∗
SpY).

In a sense, this is an instance of the move from “classical” towards “abstract” topology, and a
demonstration of the separation of “algebra” from “topology”.

Caveat! I’m not establishing the category theory rigorously in these notes. My actual motive
is to convey to the reader the appeal of an algebraic perspective to topology. Six functor form-
alisms originated in algebraic geometry, which provides most of the relevant examples. I hope
to convince the reader that this language can be useful to them even if they aren’t motivated by
algebraic geometry.
For the sections relevant to manifolds, I also chose to hide the analysis and differential geo-

metry away from the exposition.

• I’ll restrict our attention to (perhaps connected or with boundary) compact manifolds.
The homotopy datum we need is the pair (𝑀, 𝜕𝑀), i.e. the inclusion 𝜕𝑀 ↪ 𝑀, which
for closed manifolds reduces to the anima𝑀 ∶ An or𝑀+ ∶ An∗.

ii



• The connection back to geometry is achieved through Atiyah duality 2.8 which relates dif-
ferential geometric datum (namely the tangent bundle) with the stable homotopy type of
𝑀. Up to knowledge about embeddings of manifolds, Atiyah duality can be established
in a mostly formal manner, see [Rez13].

There’s an nLab article on the uniqueness of embeddings. Go read it.

• I won’t discuss the role Thom spectra play in bordism theory. Some special cases are
knownunder thenameofMadsen–Tillmanspectra. Thecurious readerwouldhavealready
found themself looking up these notions.

Last but not least, let’s bid a farewell to the construction of Thom spaces by one-point com-
pactification. Take a vector bundle 𝜉 over a finite CW base 𝑋 so that Th(𝜉) ≃ 𝐸𝜉 “ ∪ ”∞. If we
can identify 𝐸𝜉 as the open complement 𝑌 ∖ 𝑍 for a CW pair (𝑌, 𝑍), we obtain an identification

Th(𝜉) = 𝐷𝜉/𝑆𝜉 ≃ 𝐸𝜉 “ ∪ ”∞ ≃ (𝑌 ∖ 𝑍) “ ∪ ”∞ ≃ 𝑌/𝑍.

An actual application of this identification is the following:

Exercise 1 Let 𝜎n be the tautological bundle over the real projective spaceℝPn, then one can identify the
Thom space of 𝑘𝜎n

Th(𝑘𝜎n) ≃ ℝPn+k
k ≔ ℝPn+k/ℝPk−1

as a stunted projective space1 given above.

Conventions

• The symbol≔ indiate a definition, whereas = indicates an equality. The former works
at the level of English and not at the level of mathematical statements the same way the
latter does. The same goes for≕ .
It’s hard to explain the difference between= and≃, or whether there is a difference at all.

• The phrase “𝑛-category” refers to (∞,𝑛)-categories. A category is a 1-category.

• We generically avoid set-theoretic notation and write 𝑥 ∶ 𝐶 instead of 𝑥 ∈ 𝐶 for the
declaration of 𝑥 to be of type 𝐶, e.g. 𝑥 be an object or morphism of a category 𝐶. (To be
pedantic, of type𝐶≃, the groupoid core of𝐶 resp. (𝐶[1])≃).
The notation − ∈ 𝐴 would rarely occur as a predicate for a vague notion of subtyping.
For instance, if 𝑥 is an object or morphism in a category 𝐶, with a subcategory 𝐶0, then
𝑐 ∈ 𝐶0 means “𝑐 belongs to the subcategory𝐶0”.

• We fix 𝕜 ∈ {ℝ, ℂ}2 and denote the general linear group by GL(𝑛) ∈ {𝑂(𝑛),𝑈(𝑛)}.

• The final object of a category 𝒞 is denoted 1𝒞 or 1, and the unique map from 𝑥 ∶ 𝒞 to 1 is
also denoted 𝑥 ∶ 𝑥 → 1.

1I’m quite uncomfortable that the subscript k indicates quotienting out byℝPk−1. In a later exercise I will attempt
to justify the notationΣkσ

+ ℝPn.
2This usage of∈ here is meta-theoretical and hence doesn’t contradict my convention.
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• Theword “ring” refers to 𝔼1-algebras in Sp, the category of spectra, ormore generally 𝔼n-
algebras in any stably (symmetric) monoidal category.

Discrete rings (𝔼1-algebras in the categoryAbof abelian groups) are viewas rings through
their Eilenberg–Mac Lane spectra, where we omit H and write ℤ etc.

• The tensor product ⊗ can be decorated in different ways. Tensor products of categories
are always the Lurie tensor product in PrL. In a category, the notations⊗X and⊗X denote
the fiberwise and convolution monoidal structure on SpX, see Proposition 1.15, part 3.

The tensor product of (module) spectra of over𝐴 is written ⊗A, In the parametrised set-
ting ⊗A,X resp. ⊗X

A. For𝐴 = 𝕊 I omit𝕊when 𝑋 ≠ 1 to keep the notations easier to read
(i.e. ⊗X resp. ⊗X).
Suggestions for better notations are welcome. What I can think of:

– Decorate fiberwise as− A⊗X −/− X⊗A −/− ⊗AX −.
– ⊗X

A for fiberwise and⊙X
A/⊛X

A for convolution.

• At a few places I use the undecorated ⊗ for the tensoring of presentable categories over
anima in Sp, so that for 𝑋 ∶ An and𝐴 ∶ Sp, the notation𝐴 ⊗ 𝑋 denotes𝐴 ⊗𝕊 Σ∞

+ 𝑋. This
serves to avoid writing Σ∞ too often.

Another (better) notation is to write𝐴[𝑋] for𝐴 ⊗ 𝑋 as above. Similarly, we can write the
tensoring by a pointed space (𝑋, 𝑥) as𝐴[𝑋, 𝑥]. This is mainly used in Appendix A.

Acknowledgement

I’d like to thank Elia Auer and Bastiaan Cnossen for comments. The notes are not finalised.
Your feedback is welcome!
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1. Thom spaces: the algebra of vector bundles

This section is hugely rephrasing [ABGHR14].
The geometric idea behind theThom construction can be tentatively summarised as follows:

Definition 1.1 (Thom space: geometric intuition) Given a𝕜-vector bundle 𝐸 over the anima𝑋 ∶ An,
we form thefiberwise one-point compactification of𝐸:

𝑆EX ≔ ∑
x∶X

𝑆Ex , where 𝑆Ex ≔ 𝐸x “ ∪ ”∞x.

We regard 𝑆EX as a bundle of spheres pointed at

∞X ∶ 𝑋 → 𝑆EX, 𝑥 ↦ ∞x.

This construction is functorial with respect to inclusion of subbundles. In particular, there is a canonial
map of pointed bundles coming from the inclusion of the zero bundle:

0X ∶ 𝑆0X ≃ 𝑋∐𝑋
⟨0X,∞X⟩−−−−→ 𝑆EX.

TheThomspace of𝐸 is the (homotopy) cofiber:

ThX(𝐸) ≔ 𝑆EX/∞X

equipped with the canonical zero section

(0X)+ ∶ 𝑋+ ≃ ThX(0) → ThX(𝐸).

1.1. The algebra of bundles: (Un)straightening

The following fundamental result of category theory allows us to view bundles of spaces, or para-
metrised spaces as functors. Itwill prove useful laterwhere the parametrised objects aren’t spaces
anymore.

Definition-Proposition 1.2 ((Un)straightening of spaces) The category of parametrised spaces, or
bundles over𝑋 ∶ An is the functor categoryAnX. The (un)straightening equivalence states that

𝜏 ∶ An/X ⟶ Fun(𝑋,An)

⎛
⎝

𝐸
↓
𝑋
⎞
⎠

⟼ ⎛
⎝

𝑥 ↦ 𝐸x the fiber over 𝑥
(𝑥

γ
−→ 𝑦) ↦ (𝐸x

τγ
−→ 𝐸y) the fiber transport along𝛾

⎞
⎠

is an equivalence of categories.
The category of pointed bundles over𝑋 is the category of pointed objects in An/X. Equivalently, it is the

over-under-categoryAnX//X and the functor categoryAnX∗ .

The algebra of vector bundles follows a similar vein.

1



Definition1.3 (Topological𝐾-theory) Thetopological categoryoffinitedimensional𝕜-vector spacesand
linear injections presents a category which we call vbinj. Its groupoid core is the classifying space of 𝕜-
vector bundles:

vb≔ (vbinj)≃ ≃ ∐
n≥0

BGL(𝑛).

Direct sum of vector spaces equips (vbinj and) vb with the structure of an 𝔼∞-monoid(al category). The
group completion of (vb, ⊕) is the connective topological𝐾-theory space

kgl≔ vbgrp ≃ ℤ × BGL.

The space of vector bundles (resp. virtual vector bundles) on 𝑋 ∶ An is the mapping space vbX (resp.
kglX).

Remark 1.4. Tensor product of vector bundles equips vbX with a 𝔼∞-semiring structure. Con-
sequently kglX is a connective ring spectrum. This structure will be irrelevant to our story.
Note that we’re in the topological setting, so BGL is BO or BU, and no+-construction is ne-

cessary.

Definition1.5 (Theassociated spherebundle) Theunitsphere functorSph ∶ vbinj → An is the functor
presented by the topological functor sending a vector space𝑉 to𝑉 ∖ 0.
The associated sphere functor 𝑆− ∶ vbinj → An∗ is the functor presented by the topological functor

sending𝑉 to𝑉 ∪∞ based at∞.
For anima𝑋, we call the functors

SphX ∶ vbXinj ⟶ AnX ≃ An/X
𝑆−X ∶ vbXinj ⟶ AnX∗ ≃ AnX//X

the unit sphere bundle resp. the associated sphere bundle.

Theassociated sphere is equivalent to the unpointed suspension of the unit sphere (as the left
pushout below). As such it is equipped with two canonical cone points 0X and∞X.
This leads to our algebraic framing of the geometric intuition at the beginning of this section.

Definition 1.6 (Thom space: algebraic intuition) For𝐸 ∶ vbXinj, consider the morphism 0 → 𝐸 ∶ vbXinj
and the inducedmorphism inAnX∗ between their associated spheres 0X ∶ 𝑆0X

0X−→ 𝑆EX.
TheThomspace of𝐸 is the integration (i.e. left Kan extension) of thismap along the finalmap𝑋 → 1.

𝑋+ ≃ 𝑋!(𝑆0X)
X!(0X)−−−→ 𝑋!(𝑆EX) ≕ ThX(𝐸). (inAn∗)

We sometimes abuse language to speak of the codomain ThX(𝐸) as theThom space.
Equivalently, theThom space is the lower row in the following pushout inAn:

SphX(𝐸) 𝑋 1

𝑋 𝑆EX ThX(𝐸).

π

π

∞X

0X
⌟ ⌟

where 𝜋 is the projection of the unit sphere bundle. Note that the left square is a suspension in the topos
An/X.
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Exercise 2 Convince yourself that this definition coincides with the tentative definition 1.1.

The associated sphere functor is compatible with the monoidal structures on vbinj and An∗:

Proposition 1.7 The functor𝑆− ∶ vbinj → An∗ is symmetricmonoidal: It sends𝑉⊕𝑊 to𝑆V∧𝑆W.

This is easily promoted into a parametrised version, but we’ll have to first prepare the stage a
bit.

Definition 1.8 (Pullback of bundles) For𝑋
f
−→ 𝑌 ∶ An, thepullback along 𝑓 of a vector bundle𝜉 ∶ vbYinj

or a pointed bundle𝐸 ∶ AnY∗ is

𝑓∗𝜉 ∶ 𝑋
f
−→ 𝑌

ξ
−→ vbinj resp.

𝑓∗𝐸 ∶ 𝑋
f
−→ 𝑌

E
−→ An∗.

Pre- and postcomposition commute, whence we deduce the following.

Proposition 1.9 Pullback and assiciated spheres commute, i.e. 𝑓∗𝑆ξY ≃ 𝑆f
∗ξ
X .

We also need a notion of sums of vector bundles. In this setting it’s helpful to think of spaces
over a base𝑍 as spaces parametrised by𝑍.

Definition 1.10 (Direct sums and smash products) Consider a pullback𝑊 ≔ 𝑋×Z 𝑌 as follows.

𝑊 𝑌

𝑋 𝑍

f′

g′

f

g⌜

For 𝜁 ∶ vbXinj, 𝜉 ∶ vbYinj, their external direct sum relative𝑍 is defined as

𝜁 ⊞Z 𝜉 ∶ 𝑊 = 𝑋 ×Z 𝑌
[ζ]×Z[ξ]−−−−→ vb× vb

⊕
−→ 𝑣𝑏.

Similarly for𝐸 ∶ AnX∗ , 𝐿 ∶ AnY∗ we define the external smash product relative𝑍 of to be

𝐸 Z 𝐿 ∶ 𝑊 = 𝑋 ×Z 𝑌
E×ZL−−−→ An∗ × An∗

∧
−→ An∗.

In the case𝑍 = 1we refrain from saying “relative 1”.
In case𝑋 = 𝑌we define their internal direct sum resp. internal smash product as the pullback of the

external ones along the diagonal𝑋 → 𝑋× 𝑋:

𝜁 ⊕X 𝜉 ∶ 𝑋
(ζ,ξ)
−−→ vb× vb

⊕
−→ 𝑣𝑏.

𝐸 ∧X 𝐿 ∶ 𝑋
(E,L)
−−−→ An∗ × An∗

∧
−→ An∗.

Remark 1.11. In the situation above, the external direct sum can be described using the internal
direct sum on𝑊 = 𝑋×Z 𝑌 as

𝜁 ⊞Z 𝜉 ≃ 𝑔′∗(𝜁) ⊕W 𝑓′∗(𝜉).

The analogous statement holds for pointed bundles.
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These are part of a symmetric monoidal structure on the relevant categories, more discus-
sion of which will take place after section 1.2. For now we content ourselves with the following
consequence of the monoidality of 𝑆− ∶ vbinj → An∗.

Lemma 1.12 In the situation above, the external direct sum and smash product are compatible in that

𝑆ζ⊞Zξ
W ≃ 𝑆ζX Z 𝑆ξY ∶ AnW∗ .

Consequently for the internal direct sum and fiberwise smash product:

𝑆ζ⊕Xξ
X ≃ 𝑆ζX ∧X 𝑆ξX ∶ AnX∗ .

Remark 1.13. The correct setting to work with these is the slice category construction, which
functorially takes a monoid 𝑎 in a category 𝐶 to a monoidal category 𝐶/a. The construction
is in [Lur17, Sec. 2.2.2]. See also Maxime Ramzi’s paper [Ram26] on the compatibility with
unstraightening.

TheThom space and related Thom spectra are in a sense the “integration” of these paramet-
rised spheres over the base space. We take this as an excuse to introduce the language of six
functors, as they provide a much convenient framework to talk about these operations.

1.2. The six functors

In order to clarify the various properties of Thom construction, we introduce the omnipresent
six functor formalisms in geometry. One often treats themwithin the framework of symmetric
monoidal stable categories, but much of what we need can be found at the level of the pointed
category An∗.
Almost all of this section is borrowed from Cnossen–Lenz–Linskens [CLL25].

Definition 1.14 (Six functor formalisms, cf. [CLL25]) For a suitable “geometric setting”3 𝐶E;I,P, one
can define a symmetric monoidal span 2-category 2Span(𝐶E;I,P), whose objects are the same as𝐶, and
themorphism categories are given by (𝐼†, 𝑃†)-spans between𝐸†-spans

𝑋0,0

𝑋0,0<1

𝑋0,1

𝑋1,0<1

𝑋0<1,0<1

E

E

P

I

2-
m
or
ph
ism

s

1-morphisms

and composition by pullback, equipped with a symmetric monoidal structure given by products in𝐶.

3A category C with wide subcategories C ⊇ E ⊇ I, P subject to various axioms. See [CLL25, Thm. A and B]. For
now, just think of Anall;all,iso.
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A (presentable) six functor formalism on 𝑆
𝐷 ∶ 𝐶op ⟶E;I,P PrL

(𝑋
f
−→ 𝑌)op ⟼ (𝐷(𝑋)

f∗
↼−−⇁
f!

𝐷(𝑌)),

is a lax symmetric monoidal functor4

𝐷 ∶ 2Span(𝐶E;I,P) ⟶ PrL

𝑋 ⟼ 𝐷(𝑋)

⎛⎜

⎝ 𝑋

𝑌

𝑍

f g ⎞⎟

⎠

⟼ ⎛⎜
⎝

𝐷(𝑋)

𝐷(𝑌)

𝐷(𝑍)
f∗ g! ⎞⎟

⎠
… ⟼ …

This (relatively) concise5 definition encodes an enormous amount information. We unpack
some of them.

Proposition 1.15 (Themagic scroll) A presentable six functor formalism𝐷 ∶ 𝐶op →E;I,P PrL contains (at
least) the following information:

1. (Adjoints) For anymorphism𝑋
f
−→ 𝑌 in𝐶, there is thepullback𝐷(𝑋)

f∗
←− 𝐷(𝑌). If 𝑓 ∈ 𝐸6, there is

the pushforward, or integration𝐷(𝑋)
f!−→ 𝐷(𝑌). As morphism in PrL, the functors admit right

adjoints which we denote 𝑓∗ ⊣ 𝑓∗ resp. 𝑓! ⊣ 𝑓!

If 𝑓 ∈ 𝐼 then there is an (internal) adjunction 𝑓! ⊣ 𝑓∗ so that 𝑓! ≃ 𝑓∗, and if 𝑓 ∈ 𝑃 the opposite
adjunction 𝑓∗ ⊣ 𝑓! resp. 𝑓∗ ≃ 𝑓!.
If 𝑓 ∈ 𝐼 ∩ 𝑃 then one has an ambidextrous adjunction.

2. (Base change and (𝐼, 𝑃)-biadjointability): Consider a pullback diagram in𝐶with𝑔 ∈ 𝐸:

𝑋 𝑌

𝑍 𝑊

f′

g′

f

g⌜

There is a base change isomorphism𝛼 ∶ 𝑔′
!𝑓′∗ ≃ 𝑓∗𝑔!, compatible with

composition of pullback squares.
If𝑔 ∈ 𝐼 or𝑔 ∈ 𝑃, then𝛼 is given by theBeck–Chevalley transformation

BC ∶
⎧
⎨
⎩

𝑔′
!𝑓′∗ ⇒ 𝑓∗𝑔! 𝑔 ∈ 𝐼

𝑔′
!𝑓′∗ ⇐ 𝑓∗𝑔! 𝑔 ∈ 𝑃

.

In particular, for anydecomposition of𝐸 ∋ 𝑔 = 𝑝∘𝑖, 𝑝 ∈ 𝑃, 𝑖 ∈ 𝐼7, the base-change isomorphism
is identified with the Beck–Chevalley transformations for𝑝 and 𝑖.
If 𝑓 ∈ 𝑃 and 𝑔 ∈ 𝐼, then the (double) Beck–Chevalley transformation 𝑔!𝑓′! ⇒ 𝑓!𝑔′

! is also an
equivalence.

3. (Monoidal structures): The inclusions (−)† ∶ 𝐶op → 2Span(𝐶E;I,P)and 8 (−)† ∶ 𝐸 → 2Span(𝐶E;I,P)
4I might want it to preserve direct sums ifC is disjuctive, like An. Here the direct sum in 2Span(CE;I,P) is given by
disjoint union. Funny thing that PrL is semiadditive.

5??????
6I mean f, which has type “morphism ofC”, satisfies the predicate “belongs to the subcategory E”.
7The existence of is an axiom of a “geometric setting”.
8Assuming that E, I, P are suitably compatible with products.
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are symmetric monoidal.
As any object𝑋 is canonically aCartesian coalgebra through the diagonal, each𝐷(𝑋) is canonically
equippedwith a symmetricmonoidal structure called (fiberwise) tensorproduct⊗X. Themonoidal
unit is denoted 1X. Pullback 𝑓∗ is symmetric monoidal and 𝑓∗ is lax symmetric monoidal. Integra-
tion 𝑓! is oplaxmonoidal if 𝑓 ∈ 𝐼 and laxmonoidal if 𝑓 ∈ 𝑃.
If 𝑋 is an𝒪-algebra in 𝐸, then𝐷(𝑋) is equipped with an𝒪-monoidal structure called (Day) con-
volution ⊗X, whose monoidal unit we denote by 𝛿X in analogy to the “Dirac delta”. Integration 𝑓!
is𝒪-monoidal and 𝑓! lax𝒪-monoidal along maps of𝒪-algebras, while 𝑓∗ is lax monoidal if 𝑓 ∈ 𝐼
and oplaxmonoidal if 𝑓 ∈ 𝑃.
The internal mapping functor in either case will be denoted by

map
X
(−,−) resp.mapX(−,−) ∶ 𝐷(𝑋)op ×𝐷(𝑋) → 𝐷(𝑋).

4. (Projection formula): In the Cartesianmonoidal structure, anymorphism𝑋
f
−→ 𝑌 is a morphism of

commutative coalgebras, endowing𝑋witha𝑌-comodule structure. Consequentlypullback 𝑓∗makes
𝐷(𝑋) a commutative𝐷(𝑌)-algebra under tensor product.
If 𝑓 ∈ 𝐸 then 𝑓! is a morphism of𝐷(𝑌)-modules, i.e.:

𝑓!(−1) ⊗Y −2 ≃ 𝑓!(−1 ⊗X 𝑓∗(−2)) 𝐷(𝑋) ⊗ 𝐷(𝑌) → 𝐷(𝑌)

whose right adjoints9also coincide.

𝑓!map
Y
(−1, −2) ≃ mapX(𝑓

∗(−1), 𝑓!(−2)) 𝐷(𝑌)op ×𝐷(𝑌) → 𝐷(𝑋)

map
Y
(𝑓!(−1), −2) ≃ 𝑓∗mapX(−1, 𝑓!(−2)) 𝐷(𝑋)op ×𝐷(𝑌) → 𝐷(𝑌)

Remark 1.16. The projection formula is a special feature of the Cartesian monoidal structure
which has no analogue for convolution. More precisely, the map 𝑋 → 𝑌 of 𝑌-comodules consists
of Cartesian squares:

𝑌

𝑋 𝑋 × 𝑌n

𝑌 × 𝑌n
f

(idX,δ(n)Y ∘f)

(idY,δ(n)Y )
f×idYn⌜

In case 𝑓 ∈ 𝐸, integration 𝑓! being amorphismof𝐷(𝑌)-modules is precisely theBeck–Chevalley
condition on the vertical left adjoints, of which the projection formula is the special case𝑛 = 1.
Theuniversal property of the span 2-category addresses the unique extension of a given func-

toriality (−)∗ into a full-fledged six functor formalism.

Theorem 1.17 ([CLL25,Thm. A and B]) In a suitable geometric setting𝐶E;I,P, the contravariant inclu-
sion (−)† ∶ 𝐶op → 2Span(𝐶E;I,P) is the initial (𝐼, 𝑃)-biadjointable functor into a 2-category under𝐶op.
In other words, any functor𝐶op → ℂ into a 2-categoryℂwhich admit the adjoints as 1 and are (𝐼, 𝑃)-biadjointable
as 2 extends uniquely to the span 2-category.
A similar universal property holds with laxmonoidality.

9Remembering thatD(X)⊗D(Y) ≃ RFun(D(X)op,D(Y)) ≃ RFun(D(Y)op,D(X)) and how they relate to the interal
mapping objects.
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Remark 1.18 ([CLL25, Prop. 5.16]). The universal property is stated in [CLL25, Thm. B] with lax
monoidality. As one can check, the locally full subcategories on the strong symmetricmonoidal
functors agree on both sides.

Take a rest! Six functors are ubiquitous in geometry and we won’t be able to do justice to the
subject. The reader shall read other people’s writings such as [Sch23][Gal25][Vol23].
For the 2-categorical notions revolving aroundBeck–Chevalley, I can only point to [HHLN23]

by Haugseng–Hebestreit–Linskens–Nuiten.

1.3. The algebra of Thom spaces

Taking presheaves is symmetric monoidal in both the restriction Anop
(PShv)∗
−−−−→ PrL functoriality

and the left Kan extension An
(PShv)!−−−−→ PrL functoriality. They assemble into a six functor form-

alism.

Theorem1.19 There exist the six functor formalismofparametrisedspaces, or theunstable “fundamental
six functors of algebraic topology”:

Anop ⟶all;all,iso PrL

(𝑋
f
−→ 𝑌)op ⟼ (PShv(𝑋)

f∗
↼−−⇁
f!
PShv(𝑌));

where 𝑓! ⊣ 𝑓∗ is the adjunction of left Kan extension and restriction, which we also call integration and
pullback based on intuition of bundles. (Two of the six functors are equivalent in this simplified setting, giving a
five functor formalism)
Thetwosymmetricmonoidal embeddingsof (−)† ∶ Anop → 2Span(An)and (−)† ∶ An→ 2Span(An)

provide two flavors of monoidal structures.

• (Thefiberwisemonoidality)The former equips everyPShv(𝑋)with the symmetricmonoidal struc-
ture of fiberwise product×X with monoidal unit 1X. Pullback 𝑓∗ is symmetric monoidal, integ-
ration 𝑓! is oplaxmonoidal and satisfies the projection formula.

• (TheDayconvolutionmonoidality)Thelatter equipsPShv(𝑋) for 𝔼n-spaces𝑋with the𝔼n-monoidal
structure ofDayconvolution10×X. Along𝔼n-maps 𝑓, integration 𝑓! ismonoidal and 𝑓∗ is laxmon-
oidal. Themonoidal unit 𝛿X is the integration of 1 ∶ An along the unit morphism 1 → 𝑋.

𝛿X(𝑥) = mapX(1X, 𝑥) ≃
⎧
⎨
⎩

Ω1X𝑋 𝑥 is in the unit component
∅ otherwise

Tensoring with 𝒱 ∶ CAlg(PrL) one obtains six functors landing in Mod𝒱(PrL) i.e. presentably 𝒱-
enriched categories.

Remark 1.20. We reiterate that all these six functor formalisms will be strongly symmetric mon-
oidal. This will come into the story later in section 3.2.
10Standard notation would be some decorated version of⊗, which we reserve in concrete settings for spectra.
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Proof. Wewant to apply the universal property of the span 2-category (an easier version of [CLL25,Thm.
A and B]) to Anall;all,iso11.
To show this we need to establish the Beck–Chevalley condition for left Kan extension. This is evident

from the object-wise formula.

Remark 1.21. Therearemoreelaborate six functor formalismsof sheaveson (topological) spaces/loc-
ales. The locally constant sheaves only depend on the shape of spaces, which in nice cases is the
same as (weak) homotopy type([Lur17, Appx. A]). This doesn’t hold for non-constant sheaves.

The six functor formalism of parametrised pointed spaces PShv(−;An∗) ≃ An−∗ 12 allows us to
deduce the following properties ofThom spaces.

Corollary 1.22 (Integration of external smash products) Consider a pullback diagram inAn.
Let𝑝 ∶ 𝑊 → 𝑍 be the diagonal. For 𝜁 ∶ vbX and 𝜉 ∶ vbY, we have

𝑝!(𝑆ζ⊞Zξ
W ) ≃ 𝑓!(𝑆ζX) ∧Z 𝑔!(𝑆ξY).

In particular, for any𝑋
f
−→ 𝑌 there holds: 𝑓!(𝑆ζ⊕Xf∗ξ

X ) ≃ 𝑓!(𝑆ζX)∧Y 𝑆ξY.

𝑊 𝑌

𝑋 𝑍

f′

g′

f

g⌜

Proof. The last assertion is a specialisation to 𝑔 = idY. The general statement is a straightforward com-
putation using the projection formula:

𝑝!(𝑆ζ⊞Zξ
W ) Remark 1.11======== 𝑝!(𝑆g

′∗(ζ)⊕Wf′∗(ξ)
W )

Lemma 1.12======== 𝑓!𝑔′
!(𝑔′∗(𝑆ζX) ∧W 𝑓′∗(𝑆ξY))

proj. formula========= 𝑓!(𝑆ζX ∧X 𝑔′
!𝑓′∗(𝑆

ξ
Y))

Beck–Chevalley========== 𝑓!(𝑆ζX ∧X 𝑓∗𝑔!(𝑆ξY))
proj. formula========= 𝑓!(𝑆ζX) ∧Z 𝑔!(𝑆ξY).

These imply a plethora of properties forThom spaces.

Exercise 3 Integrating the associated sphere bundle 𝑆ζX along 𝑋
f
−→ 𝑌 gives a notion of “relative” Thom

construction. What does the above corollary say about them?

Exercise 4 (Stabilisation of vector bundles) Let 𝜀X ≔ 𝑋∗𝜀 denote the rank 1 trivial bundle over𝑋. By the
stabilisation of 𝜁 ∶ vbX wemean taking (internal) direct sumswith 𝜀X. What does the corollary say about
this? Explain why this justifies the following notation:

ThX(𝜉) ≕ Σξ𝑋+.

2. Thom spectra, orientation and duality

In this section we’ll introduce Thom spectra, a stabilised version of the Thom space we’ve seen
in the last section, and see a few applications ofThom spectra in topology.

11We chose I = all so that the machine spits out left Kan extension as the (−)! functoriality.
12As we work with anima, we omit op from from the notation.
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Slogan Thom spectra are suspension (spectra) twisted by a vector bundle.

2.1. Thom spectra

Taking𝒱 = Sp in theorem 1.19 and tensoring up along Σ∞ ∶ An∗ → Sp, we obtain:

1. The stable six functors of parametrised spectra: Sp− ∶ Anop →…13 PrLst, with a stable
version of Theorem 1.19 and Corollary 1.22. It has the fiberwise monoidal structure ⊗X
for every space and Day convolution monoidal structure⊗X for 𝔼n-spaces.

2. StableThom construction a.k.a. Thom spectra𝕊−
X ∶ vbXinj → SpX.

Exercise 5 State and argue for the analogues of the unstable results.

In the stable case,Thom spectra extends to virtual vector bundles.

Definition-Proposition 2.1 There is a unique dashed arrowwhich fills the square below (compatibly for
all𝑋):

vbX vbXinj AnX∗

kglX SpX

S−
X

Σ∞

𝕊−
X

which we call the stable sphere bundle functor.
TheThomspectrum functor is the composition

kglX
𝕊−
X−→ SpX

X!−→ Sp.
It sends 𝜉 ∶ kglX to itsThom spectrum, which we denote by

Σ∞+ξ
+ 𝑋 ≔ 𝑋!(𝕊ξ

X) ∶ Sp.
Proof. Themorphism vb→ An∗ → Sp is symmetricmonoidal and lands in the⊗𝕊-invertible objects, i.e.
in the Picard group Pic(𝕊). The factorisation exists uniquely by the universal property of groupification.

Remark2.2. Often one considers the rank 0 virtual bundle associated to a vector bundle𝜉. More
concretely this is classified by the morphism

𝜉0 ∶ 𝑋
ξ
−→ kgl ≃ ℤ × BGL↠ 0× BGL↪ kgl.

Example 2.3 (Cobordism spectra) TheThom spectrum of the tautological rank 0 virtual vector bundle on
B𝑂 is denoted𝑀𝑂. Initially introducedbyR.Thomstudyingbordism theory, their homotopygroups are
shown to be the rings of bordism classes of closed manifolds (resp. (stably) almost compact manifolds).
These are susceptible to computation while also enjoying good abstract properties.
Moreover, for any tangential structure B𝐺 → B𝑂, the homotopy groups of the correspondingThom

spectrum𝑀𝐺 give the cobordism classes of manifolds with a stably normal𝐺-structure.
On the other hand, the (ring) spectrum𝑀𝑈 carries a surprisingly rich structure, which is hugely im-

portant to the study of finer structures of spectra and the category of spectra. The related studies is
conducted under the name of Chromatic HomotopyTheory.

The existence of these ring structure will be discussed later (Example 3.4).
13I’m too lazy.
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2.2. Orientations of (virtual) vector bundles

Classically, an orientation of an𝑛-dimensionalℝ-vector space𝑉 can be specified inmanyways:

1. From the perspective of linear algebra/differential geometry, an orientation is a choice of
connected component of the top-dimensional exterior powerΛn𝑉.

2. Topolgically an orientation is a choice of generator of the local (co)homology at the origin:
Hn(𝑉, 𝑉 ∖ 0) or Hn(𝑉, 𝑉 ∖ 0).

An orientation of a vector bundle is then a suitably parametrised version of such datum. This is
exactly whatThom spectra are built to do!
In this section, we equip all SpX with the fiberwise monoidal structure.

Definition-Proposition 2.4 (𝐴-orientation) Let𝐴 ∶ Alg(SpX) be a parametrised ring over𝑋 and 𝜉 ∶
kglX a virtual bundle. For amorphism𝛼 ∶ 𝕊ξ

X → 𝐴, the following are equivalent:

1. The induced (left)𝐴-module morphism

𝐴 ⊗X 𝕊ξ
X → 𝐴

is an isomorphism.

2. For each point 1
x
−→ 𝑋 of𝑋, the morphism

𝕊ξx ≃ 𝑥∗(𝕊ξ
X)

x∗(α)
−−−→ 𝑥∗(𝐴) ≕ 𝐴x

gives a degree rkx𝜉 invertible element in the graded ring𝜋•(𝐴x).

If the above is satisfied, we call𝛼 an𝐴-orientation of 𝜉.
For a ring𝐵 ∶ Alg(Sp), orientations in the constant parametrised ring𝐵X ≔ 𝑋∗(𝐵) are also called

𝐵-orientations.

Remark 2.5. Orientations of vector bundles in a (non-zero) connective ring spectrum only exist
when the vector bundle has constant rank 0. For this reason one often defines orientations as
orientations of the associated rank 0 virtual bundle.

Proof of the equivalence. To check that themorphism𝐴⊗X 𝕊ξ
X → 𝐴 in a functor category is an isomorph-

ism, it suffices that it is objectwise an isomorphism, i.e. for every 𝑥 ∶ 𝑋

𝑥∗(𝐴 ⊗X 𝕊ξ
X) ≃ 𝐴x ⊗𝕊 𝕊ξx ≃ Σrkxξ𝐴x

αx−→ 𝐴x

is an isomorphism, which is evidently equivalent to the second condition.

In other words, orientations in a parametrised ring 𝐴 witness a “relative constancy” of the
free𝐴-module twisted by a vector bundle.
Exercise 6 An orientations in a constant parametrised ring can also be given as the adjoint morphism
𝛼̃ ∶ Σ∞+ξ

+ 𝑋 = 𝑋!(𝕊ξ
X) → 𝐵. Themap𝕊ξx → 𝐵 in the second condition coincides with the map

𝕊ξx ≃ 𝑥∗(𝕊ξ
X) ≃ 𝑋!𝑥!𝑥∗(𝕊ξ

X)
X!ε−−→ 𝑋!(𝕊ξ

X)
α̃
−→ 𝐵,

where 𝜀 is the counit of the adjunction 𝑥! ⊣ 𝑥∗.
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We’re one step away from theThom isomorphism now. Consider an orientation in a constant
parametrised ring𝐴X and apply integration to the isomorphism𝐴X ⊗X 𝕊ξ

X
∼
−→ 𝐴X. The projec-

tion formula now identifies the resulting isomorphism.

Proposition 2.6 (Thom isomorphism) Consider a vector bundle 𝜉 ∶ kglX, ring𝐴 ∶ Alg(SpY) and a
map𝑋

f
−→ 𝑌. Any 𝑓∗(𝐴)-orientation of 𝜉 induces an isomorphism

𝐴 ⊗Y 𝑓!(𝕊ξ
X)

∼
−→ 𝐴⊗Y 𝑓!(𝕊0

X).

In the case 𝑌 = 1we recover the classical𝐴-Thom isomorphism

𝐴 ⊗𝕊 Σ∞+ξ
+ 𝑋

∼
−→ 𝐴⊗ 𝑋.

Our proof is entirely parallel to the common textbook approach using the theorem of Leray–
Hirsch. In fact we obtain a version of Leray–Hirsch almost for free by reinterpret the definition
2.4. See Appendix A for the statement.

Example 2.7 (Orientations classically) Classically, an orientation of a rank 𝑛 vector bundle 𝜉 ∶ vbM is
reduction of its structure group from BO(𝑛) to BSO(𝑛), i.e. a dashed lift in the following diagram

𝑀 BO(𝑛)

BSO(𝑛)

BO

BSO

BGL1(𝕊) BGL1(ℤ) Bℤ/2

B1

ξ ≃

⌜ ⌜

As the squares in the diagrams are pullbacks, orientations in the classical sense are the same as null
homotopies of the composition𝑀 → Bℤ/2, which one can show is the first Stiefel–Whitney class of 𝜉.
On the other hand, a null homotopy of𝑀 → BGL1(ℤ) is exactly aℤ-orientation in our sense of the rank

0 virtual bundle 𝜉0, i.e. a witness to the constancy of the associated parametrised ℤ-module.

Exercise 7 At a Topology II lecture, the professor defines orientation ofmanifolds or vector bundles over
an arbitrary ring, but the ring has never been something other than ℤ/2 or ℤ.
Somewhere during the semester, the annoying student brought up a question: “Why don’t we work

with another ring, like ℤ/3?”
“Oh, then it’s actually the same as orienting overℤ.” The professor thenmoves onwith the lecture, and

so does everybody in the room.
Two years later, having absorbed into herself the language of homotopy theory, the student realises

that the professor was right all along!

1. Every vector bundle has a unique ℤ/2-orientation.

2. The datum of a ℤ/3- or ℤ/4-orientation is the same as a ℤ-orientation.

3. Does the same hold for ℤ/5-orientations?

2.3. Duality, Atiyah and Poincaré

We borrow the following result from differential topology.
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Theorem2.8 (Atiyah duality[Rez13]) For a closedmanifold𝑀 and a virtual vector bundle𝜉 ∶ kglM, the
Spanier-Whitehead dual of itsThom spectrum is equivalent to

(Σ∞+ξ
+ 𝑀)∨ ≃ Σ∞−ξ−TM

+ 𝑀,

where 𝑇𝑀 is the tangent bundle of𝑀.
More generally, for a compact manifold (𝑀, 𝜕𝑀), there holds

(Σ∞𝑀/𝜕𝑀)∨ ≃ Σ∞−TM
+ 𝑀.

Corollary2.9 (Poincaré duality) Let (𝑀, 𝜕𝑀)bea compact𝑚-manifold. Anyorientation of𝑀 induces
isomorphisms

H•(𝑀, 𝜕𝑀;ℤ) ≃ Hm−•(𝑀;ℤ) andH•(𝑀, 𝜕𝑀;ℤ) ≃ Hm−•(𝑀;ℤ).

Proof. An orientation of a manifold𝑀 is a ℤ-orientation of 𝑇𝑀−𝑚. This induces (and is induced by) a
ℤ-orientation of𝑚− 𝑇𝑀.
Atiyah duality 2.8 andThom isomorphism 2.6 implies

(ℤ ⊗𝕊 (𝑀/𝜕𝑀))∨ ≃ ℤ ⊗𝕊 Σ∞−m+(m−TM)
+ 𝑀 ≃ ℤ ⊗𝕊 Σ∞−m

+ 𝑀.

The result follows from taking homology.

3. Rigidity of parametrised spectra and monoidality of Thom spectra

This section is motivated by my attempt using our language to illustrate a part of the following
result of Blumberg–Cohen–Schlichtkrull:

Theorem3.1 (Blumberg–Cohen–Schlichtkrull [BCS10,Thm. 1], [KN, Lem. 4.4]) Let𝑋
ξ
−→ Pic(𝕊)

be amap of grouplike 𝔼n-spaces. Then theThom spectrumΣ∞+ξ
+ 𝑋 is an 𝔼n-ring and there is an equival-

ence of 𝔼n−1-rings (𝑛 ≥ 1)
THH(Σ∞+ξ

+ 𝑋) ≃ Σ∞+Lη(Bξ)
+ 𝐿B𝑋,

where 𝐿η(B𝜉) is the map from the free loop space

𝐿B𝑋
LBξ
−−→ 𝐿BPic(𝕊) ≃ Pic(𝕊) × BPic(𝕊)

1⊗η
−−→ Pic(𝕊).

This result is really a combination of two separate results: There is the symmetricmonoidality
of a suitable Thom spectrum functor, and there is the whole machine of THH, that it lowers
commutativity by one level, that it’s preserved undermonoidal functors and,most importantly,
the computation of THH(𝐺) in An as 𝐿B𝐺.
The part regarding THH is far beyond the scope of these notes. (See [KN, Sec. 8] for the

computation.) We’ll only treat the monoidality part, which classically is due to Lewis [Lew86,
Thm. 7.1].
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3.1. Symmetric monoidality of Thom construction

The following will be taken on faith.

Proposition 3.2 ([Ram26, Cor. D]) The straightening equivalence An/Pic(𝕊) → AnPic(𝕊) can be made
symmetric monoidal, where the left hand side is endowed with the slicing monoidal structure [Lur17, Sec.
2.2.2] and the right hand side with Day convolution.

Definition-Proposition 3.3 (The classical Thom spectrum functor) The inclusion Pic(𝕊) ↪ Sp is
symmetric monoidal. By the Yoneda lemma, this induced a (cocontinuous) symmetric monoidal functor

Θ ∶ An/Pic(𝕊) ⟶ Sp

(𝑋
ξ
−→ Pic(𝕊)) ⟼ ΘX𝜉

which we call the classicalThom spectrum functor. Its unique factorisation through the stabilisation will
be denoted Θ̃ ∶ SpPic(𝕊) → Sp.
For each𝑋

ξ
−→ Pic(𝕊), we have an equivalence

Σ∞+ξ
+ 𝑋 ≃ ΘX𝜉.

Hencewe know that this construction coincides with theThom spectrum functor we’ve come
to know and love.

Example 3.4 (Cobordism spectra again) Consider theWhitehead tower of BO.

… → BString→ BSpin→ BSO→ BO

AsBO→ Pic(𝕊) is an 𝔼∞-map, all the above are 𝔼∞-space over Pic(𝕊). Consequently, theirThomspectra
MString etc. are all 𝔼∞-rings.
Accordingly I should’ve called our functor MΩ, so that Θ(B𝐺 → Pic(𝕊)) = M𝐺 agrees with the

classical notation.

SketchyHandwaving for 3.3. By unstraightening 𝑋
f
−→ Pic(𝕊) ∶ An/Pic(𝕊) corresponds to 𝑓!(1X) ∶ AnPic(𝕊).

We may work with its stabilisation 𝑓!(𝕊0
X) instead. Note that 𝑓!(1X) is an 𝔼n-algebra precisely if 𝑋 is an

𝔼n-space over Pic(𝕊).
The goal is then to find an equivalence:

Θ̃(𝑓!(𝕊0
X)) ≃ 𝑋!(𝕊f

X). (1)

The inclusion Pic(𝕊) ↪ Sp gives the tatutological sphere bundle 𝛾 ∶ SpPic(𝕊). Since lax symmetric mon-
oidal functors are exactly themonoidsunderDay convolution, thismakes𝛾 a commutative algebraunder
Day convolution.
The sphere bundle of𝑋

f
−→ Pic(𝕊) is exactly 𝑓∗(𝛾), hence theThom spectrum of 𝑓 in our sense is

𝑋!(𝕊f
X) ≃ (Pic(𝕊))!(𝑓!𝑓∗(𝛾))

≃ (Pic(𝕊))!(𝑓!(𝕊0
X) ⊗Pic(𝕊) 𝛾), (2)

where the second equality follows from the projection formula. (Beware of the fiberwise tensor product!)
We claim the right hand side of (2) is exactly Θ̃(𝑓!(𝕊0

X)).
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Claim: For any 𝑋 ∶ An the category SpX is self dual. For any𝑚 ∶ SpX viewed as an element of the dual
corresponding to𝑀 ∶ SpX → Sp, there holds

𝑀 ≃ 𝑋!(− ⊗X 𝑚).

Moreover, the functor Θ̃ corresponds to 𝛾 in this sense. Hence the functorΘ ∶ An/Pic(𝕊) → Sp is indeed
given by

Θ(𝑋
f
−→ Pic(𝕊)) ≃ Θ̃(𝑓!(𝕊0

X)) ≃ (Pic(𝕊))!(𝑓!(𝕊0
X) ⊗Pic(𝕊) 𝛾).

Theclaimaboutduality andevaluationhaving the stated form is inspected in thenext section.

3.2. Rigid six functors (Recruiting a better name)

Recall that a six functor formalism on is a (product-preserving?) lax symmetricmonoidal func-
tor defined on a span 2-category.

Definition 3.5 (Recruiting a better name) A stable six functor formalism𝐷 ∶ 𝐶op →E;I,P PrLst is called
rigid if it is strongly symmetric monoidal.

Example 3.6 The stable six functor formalism of parametrised spectra𝐷 ∶ Anop →… PrLst is symmetric
monoidal.

We illustrate below how this gives self duality of SpX and give a description of the evaluation
functor, this will conclude the argument of the previous section.

Lemma 3.7 (Frobenius structure in the span category) The Cartesian monoidal structure on An in-
duces on each𝑋 ∶ 2Span(An) the structure of a Frobenius algebra.
The structure spans for the (co)unit, (co)multiplication and (co)evaluation are:

𝜂X =
1

𝑋

𝑋

X
𝜇X =

𝑋 × 𝑋

𝑋

𝑋

Δ
evX = 𝜀X ∘ 𝜇X =

𝑋 × 𝑋

𝑋

1

Δ X

𝜀X ≔
𝑋

𝑋

1

X
𝛿X =

𝑋

𝑋

𝑋 × 𝑋

Δ
coevX = 𝛿X ∘ 𝜂X =

1

𝑋

𝑋 × 𝑋

X Δ

A rigid six functor formalism𝐷 ∶ 2Span(An) → PrLst, establishs each𝐷(𝑋)with fiber-wise monoidal
structure as a Frobenius algebra in PrLst.

Remark 3.8. In the span 2-category 2Span(Anall;all,iso), there are adjunctions 𝜀 ⊣ 𝜂 and 𝛿 ⊣ 𝜇.
This is a dual notion of rigid algebra in a 2-category [KNP, Sec. 4.2, 4.3].
As the six functor formalism of parametrised spectra is rigid, we obtain:

Corollary 3.9 The evaluation SpX ⊗ SpX ≃ (SpX)∨ ⊗ SpX → Sp is given by

evX(𝑀,𝑁) ≃ 𝑋!(𝑀 ⊗X 𝑁).

Proof of Lemma 3.7. The algebra and coalgebra structures is known to us. The remaining identities in the
definition of a Frobenius algebra is equivalent to the diagram
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𝑋 × 𝑋

𝑋 𝑋 × 𝑋

𝑋 × 𝑋 × 𝑋
Δ

Δ

1×Δ
Δ×1⌜

beingapullback. It’s classical that aFrobenius structureprovides a self-dual datumon thealgebra,where
the (co)evaluation are as claimed.

Exercise 8 Fill in the details if you haven’t seen it before.

Exercise 9 (The gap in the proof of 3.3) Show that the duality pairing induced by the Frobenius structure
coincides with Yoneda extension. In other words, the following diagram commutes (where the duality is
in PrLst, so (−)∨ = FunL(−, Sp)).

SpX ⊗ SpX (SpXop)∨ ⊗ SpXop

SpX!(ΔX)∗

(Yoneda ext.)⊗iso

ev

Remark3.10 (Monoidality of duality (prospective)). A feasible extensionof the above claimwould
be to further identify the monoid structure on 𝛾with the lax monoidality on the functor it rep-
resents, namely that 𝐹m ≔ 𝑋!(−⊗X 𝑚) shall inherit a structure of a laxmonoidal functor from
a convolution monoid structure on𝑚.
Heuristically, the lax structure maps we want are like 𝐹m(𝑥) ⊗𝕊 𝐹n(𝑦) → 𝐹m⊗Xn(𝑥 ⊗X 𝑦), i.e.

𝑋!(𝑥 ⊗X 𝑚) ⊗𝕊 𝑋!(𝑦 ⊗X 𝑛) → 𝑋!((𝑥 ⊗X 𝑦) ⊗X (𝑚 ⊗X 𝑛)),

Monoidality of𝑋! with respect to convolution tells us this is equivalent to

𝑋!((𝑥 ⊗X 𝑚) ⊗X (𝑦 ⊗X 𝑛)) → 𝑋!((𝑥 ⊗X 𝑦) ⊗X (𝑚 ⊗X 𝑛)).

I expect sucha structure to comefromthe“cocommutative-𝔼n-bialgebra”structureon𝑋,namely
a compatibility of the 𝔼n-monoid structure with the canonical Cartesian 𝔼∞-comonoid struc-
ture. For instance, the above pairing should come from the following 2-morphism in the span
2-category:

𝑋×4

𝑋×2

𝑋

𝑋×2

𝑋 1

δX×2 m

m×m δX

m

δX

A precise formulation would be desirable, an attempt of mine is recorded in Appendix B.

3.3. The canonical orientation of Thom ring spectra

I type this section up under the impression that it’s folklore. The result is at least a decade old
and can be found in a more refined form in e.g. [AB19, Lem. 3.15, Cor. 3.17].
For a coherent storytelling I’massuming that the equivalence Θ̃X(𝛾) ≃ 𝑋!(𝕊γ

X) respects the al-
gebra structures onboth sides. Thereaderunconvincedby the sketchy remarkabovemightwant
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to replace all instances of Θ̃X(𝛾) in this sectionwith the latter. I’d like to keep their distinction in
notation as a reminder of the role of Θ̃X(𝛾) as the ring for the orientation resp. 𝑋!(𝕊γ

X) ≃ Σ∞+γ
+ 𝑋

as the “orientation classifier”.
Wenow cook up amixture of thematerial we’ve discussed of the previous section. To prepare

the reader for potential confusion, I remind the reader that an 𝔼n-space𝑋 equips SpX with two
monoidal structures:

1. The fiberwise tensor product, denoted⊗X, is symmetric monoidal. Pullback is symmetric
monoidal, integration is oplax and the projection formula holds along allmaps.

2. The convolution, denoted ⊗X, is 𝔼n-monoidal. Integration is 𝔼n-monoidal and pullback is
lax along 𝔼n-maps.

3. The two coincide on 𝑋 = 1 and is just the tensor product of spectra. In particular, the
fiberwise monoidal unit is the pullback of𝕊 along𝑋 → 1, denoted𝕊0

X.

On the other hand, the convolution unit 𝛿X is the integration of𝕊 along the unit morph-
ism 1

η
−→ 𝑋. In particular it is zero except on the unit component, where it takes value

𝕊[Ω𝑋].

Consider a connected14 𝔼n-space 𝑋 with a 𝔼n-map 𝑋
γ
−→ Pic(𝕊) ⊆ Sp. As we have seen, this

is a 𝔼n-monoid under convolution⊗X.

Question 1 (Does a monoidal Thom spectrum “orient itself”?) Is the isomorphism 3.3 Σ∞+γ
+ 𝑋

∼
−→ Θ̃X(𝛾)

a Θ̃X(𝛾)-orientation of 𝛾?

Our connectedness assumption implies that this is an𝕊0-bundle 𝛾. Moreover, the condition
that the map 𝕊γ

X
ε
−→ 𝑋∗(Θ̃X(𝛾)) be a unit of the ring can be checked fiberwise. The question

reduces to whether

𝕊0 ≃ 𝜂∗𝕊γ
X → Θ̃X(𝛾) (3)

is a unit in the right hand side. But 𝜀 is a map of rings under convolution 15:

Lemma 3.11 In an adjunction𝐶
L
−⇀↽−
R
𝐷 between𝒪-monoidal categories, where𝐿 is𝒪-monoidal, the right

adjoint𝑅 is canonically lax𝒪-monoidal and the counit and unit are𝒪-monoidal transformations.

Proof. This is essentially [Lur17, Cor. 7.3.2.7]. Beware that Cor. 7.3.2.7 is not correct as stated, as the left
adjoint 𝐹 needs to be𝒪-monoidal in order for Prop. 7.3.2.6 to be applicable, as in the proof presented in
loc. cit.

Exercise 10 Extract the coherence datum for the monoidality of the (co)unit transformation from the
relative adjunction of [Lur17, Sec. 7.3.2].

14Group-likemightbe sufficient. Mostnotablenon-connectedcase is classifierof stable vectorbundlesku ≃ ℤ×BU,
which produces the periodic complex bordism spectrum MUP. The reader can take this as an exercise, or I’ll
attempt it in a later version.

15I warn the reader that this is a map of rings in the convolutionmonoidal structure, which is not the fiberwise one
in which we use to work with orientations.
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Hence the lax monoidality of 𝜂∗ produces maps

𝕊 𝜂∗𝕊γ
X

𝜂∗𝛿X 𝕊[Ω𝑋] Θ̃X(𝛾)

∼ η∗ε

≃

We conclude that 𝜀 is even fiberwise the unit, and hence an orientation.

Theorem3.12 (Thomring spectra self-orient) Foramap𝑋
ξ
−→ Pic(𝕊) of𝔼1-spaces, there is a canonical

Θ̃X𝜉-orientation of 𝜉 given by the identity map.

Corollary 3.13 (OfThom isomorphism 2.6) In the setting of 3.12, one has an isomorphism of spectra

Θ̃X𝜉 ⊗𝕊 Θ̃X𝜉 ≃ Θ̃X𝜉 ⊗ 𝑋.

Question 2 Is theThom isomorphism an isomorphism of algebras? Inwell known cases this is true. This
is again a compatibility question of convolution and fiberwise tensoring.

Example 3.14 One has MU ⊗𝕊 MU ≃ MU ⊗ BU. In particular ℤ ⊗𝕊 MU ≃ ℤ ⊗ BU.
In fact one has (MU ⊗𝕊 MU)• ≃ MU•[𝑏n]n≥1, where |𝑏n| = 2𝑛 lift generators of (ℤ ⊗ BU])• ≃ ℤ[𝑏n].

3.3.1. Story unfinished: MU and complex orientations

I’ve decided to not expand out this section, as it deserves yet another proper chapter, which
would make the document grow way beyond its intended purpose. Some intended topics are:
Complex orientable rings and theThom isomorphism 𝐸 ⊗𝕊 MU ≃ 𝐸 ⊗ BU, even rings are ori-
entable..

A. The Leray–Hirsch theorem

TheThom isomorphism is an instance of a constancy criterion for parametrised modules. We
can package this criterion into a theorem, from which we can recover the classical theorem of
Leray–Hirsch.
We’ll start by fixing some notations and recalling how homology and cohomology look like in

our setting.
For a (ring) spectrum 𝐴 ∶ Sp and a pair of spaces (𝑋, 𝑋0) ∶ An[1], we denote the spectrum

corresponding to their relative𝐴-homology by

𝐴[𝑋, 𝑋0] ≔ 𝐴 ⊗An∗ (𝑋/𝑋0, ∗) ≃ 𝐴 ⊗𝕊 Σ∞(𝑋/𝑋0).

In other words 𝜋•𝐴[𝑋, 𝑋0] ≕ 𝐴•(𝑋, 𝑋0). We write 𝐴[𝑋] for when 𝑋0 = ∅, giving the unre-
duced homology.
If (𝐸, 𝑒) ∶ AnB∗ is a parametrised pointed space, then we can define the parametrised reduced

𝐴-homology spectrum by

𝐴B[𝐸, 𝑒] ≔ 𝐴B ⊗AnB∗ (𝐸, 𝑒) ∶ Sp
B.
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By the projection formula we know that 𝐵!(𝐴B[𝐸, 𝑒]) ≃ 𝐴[𝐸, 𝑒] gives as homotopy groups the
𝐴-homology of the total space 𝐸 relative the section 𝑒. An anologous statement holds for 𝐴-
cohomology, which we summerise as follows:

𝐴•(𝐸, 𝑒) ≃ 𝜋•(𝐴[𝐸, 𝑒])
≃ 𝜋•𝐵!(𝐴B[𝐸, 𝑒])

𝐴•(𝐸, 𝑒) ≃ 𝜋•mapA-mod(𝐴[𝐸, 𝑒], 𝐴)
≃ 𝜋•mapAB-mod

(𝐴B[𝐸, 𝑒], 𝐴B).

We now state our algebraic version of Leray–Hirsch theorem, whose proof we omit, as it is
an easy modification of the argument around Proposition 2.6 and Definition-Proposition 2.4.

Theorem A.1 ((Algebraic) Leray–Hirsch in homology) Let𝐴 be a ring and𝑀0 ∶ 𝐴-Mod. Consider
a parametrised𝐴-module𝑀 ∶ 𝐴-ModB over𝐵 ∶ An, together with amap𝐵!𝑀

α
−→ 𝑀0 of𝐴-modules.

If for each point 𝑏 ∶ 𝐵, the natural map𝑀b → 𝐵!𝑀
α
−→ 𝑀0 is an isomorphism, then the adjoint

map of parametrised 𝐴-modules𝑀 → 𝐵∗𝑀0 is an isomorphism. This isomorphism integrates to an
isomorphism𝐵!𝑀 ≃ 𝐴[𝐵] ⊗A 𝑀0.

RemarkA.2. The cohomological situation is similar and also interesting, but note that the right
adjoint 𝐵∗ is laxmonoidal and hence lifts to (𝐴[𝐵])∨-modules.
This difference is is only apparent, as the homology clearly are𝐴[𝐵]-comodules. It is partly

due to our mathematical culture that we perceive them less, and partly because coalgebraic
structures don’t survive to the homotopy groups.

Exercise 11 (Algebraic Leray-Hirsch in cohomology) Study the analogous statement on𝑀0 → 𝐵∗(𝑀).

We now deduce the classical Leray–Hirsch theorem, after introducing some notations.

CorollaryA.3 (Leray–Hirsch) Let𝐴 be a commutative ring spectrumand (𝐸, 𝑒) ∶ AnB∗ a pointed bundle
over a connected base𝐵. Supposemoreover that𝐸has fiberwise compact𝐴-homology,meaning that (each)
𝐴[𝐸b, 𝑒b] is a perfect𝐴-module. Choose a base point of𝐵 to fix a distinguished fiber (𝐹, 𝑓0) ≔ (𝐸0, 𝑒0).
Given relative 𝐴-cohomology classes 𝑐1, … , 𝑐r ∶ 𝐴•(𝐸, 𝑒) whose restrictions to the fiber 𝐴•(𝐹, 𝑓0)

freely generate𝐴•(𝐹, 𝑓0) as an𝐴-module, there is an induced isomorphism

𝐴•(𝐸, 𝑒)
∼
−→ 𝐴•(𝐵) ⊗A• 𝐴•(𝐹, 𝑓0).

Similarly in𝐴-cohomology, there is an isomorphism of𝐴•(𝐵)-modules.

𝐴•(𝐸, 𝑒)
∼
−→ 𝐴•(𝐵) ⊗A• 𝐴•(𝐹, 𝑓0).

In particular if the fiber 𝐹 is a finite, or more generally a compact anima, then it has compact
𝐴-homology.

Proof. We consider the homological case, the cohomological case is easier and left as an exercise. The
readermayfind theprojection formulaonmappingobjects (Proposition 1.15,part 4) useful (in thepresent
case 𝑓! ≃ 𝑓∗).
Let𝑀 ∶ 𝐴-ModB be the fiberwise𝐴-homology of 𝐸, i.e.𝑀b ≔ 𝐴[𝐸b, 𝑒b].
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The given cohomology classes induce a morphism of𝐴-modules

𝐵!𝑀
c
−→

r
⨁
i=1

Σ|ci|𝐴.

The compactness of𝐴[𝐹, 𝑓0] implies that the map

𝐴[𝐹, 𝑓0] → 𝐵!𝑀
c
−→

r
⨁
i=1

Σ|ci|𝐴

is dual to the cohomology isomorphism

𝐴•(𝐹, 𝑓0) ≃
r
⨁
i=1

𝐴•−|ci|.

and is therefore an isomorphism to begin with. Theorem A.1 now applies to give the conclusion for ho-
mology.

Exercise 12 Prove Leray–Hirsch for cohomology. Is the compact homology assumption necessary here?

B. (Cocommutative) bialgebra structures

This appendix is a short sketch of a biased view on (cocommutative) bialgebra structures. The
original motivation is to convince myself that the self-duality given by the fiberwise monoidal
structure is compatible with the convolution on𝐷(𝑋) and𝐷(𝑋)∨. An ad-hoc approach would
be to identify the self-duality as Yoneda extension, but I’d like to see if I canmake it workwithin
the framework of six functor formalisms.
In a symmetricmonoidal category𝐶, onewould expect an𝒪-co-𝒞-bialgebra to be given by an

𝒪-algebra in the category of 𝒞-coalgebras, where the latter is equipped with a symmetric mon-
oidal structure lifting the one on𝐶. Unfortunately, our usual language for operads as operator
categories 𝒪⊗ → 𝔼⊗∞ is somewhat inconvenient for comonoidal structures. There is the dual
(partially opposite) notion of anti-operads which is dually unwieldy for our current objective.
Moreover, we’d expect 𝒞-coalgebras in 𝒪-algebras to be the same 𝒪-algebras in 𝒞-coalgebras,
which would undoubtedly be an annoying nightmare.
In our lucky situationwhere the bialgebras are cocommutative, the tensor product of cocom-

mutative coalgebras is Cartesian([Lur17, Prop. 3.2.4.7]). In this situation we have the Lawvere
theory available as an alternative encoding of algebraic structures.
Wewill not survey Lawvere theories here. In anutshell, a Lawvere theory𝑇 is a categorywhere

everyobject is afinite coproduct of afixedobject16 𝑡1 ∶ 𝑇, and (Cartesian)𝑇-algebras in a category
𝐶 are product-preserving functors 𝑇op → 𝐶. One should think of the objects of 𝑇 as the “finite
free 𝑇-algebras”, which encode all the operation on a “𝑇-algebra”.
Here are two classical examples, the “trivial” theory and the 𝔼∞-theory.

Proposition B.1 For a category𝐶with products, there are equivalences:

• CCog(𝐶) ≔ Fun×(Finop, 𝐶) ≃ 𝐶 (every object is canonically a Cartesian coalgebra).
16I might want the object to be non-final.
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• CAlg(𝐶) ≃ Fun×(Span(Fin)op, 𝐶).
Sketch of proof. The first equivalence follows from Fin being the category obtained from the contractible
category 1 by freely adjoining coproducts. I’ll let the reader convince themself that this does encode the
structure of a Cartesian coalgebra.
The second equivalence is more classical. See [Cra, Sec. 5.3].

Remark B.2. In Span(Fin), the forward morphisms are a copy of Fin and encode the diagonals
(duplication) and projections, and witness the decomposition of finite sets as a coproduct of
singletons. (They’re biproducts in Span(Fin)). The additive structure is encoded by the back-
wards morphisms.
Indeed, the Cartesian coalgebra structure is fused into any Lawvere theory, but our goal is to

separate the two.
Wenowhave two equivalent options to proceed. Eitherwe employ thefirst equivalence to ob-

tain Fun×(𝑇op, 𝐶) ≃ Fun×(𝑇op, Fun×(Finop, 𝐶)), orwe apply the tensoring of Fin on any Lawvere
theory 𝑇. In either case, we obtain:
Corollary B.3 For a Cartesianmonoidal category𝐶, we have

CAlg(𝐶) ≃ Fun×,×(Span(Fin)op × Finop, 𝐶).

Applying a laxmonoidal functor𝐶op → 𝒮,where𝒮 is amonoidal 2-category,wewould obtain
a functor Span(Fin) × Fin→ 𝒮.
Recall our goal of encoding the compatibility of fiberwise tensors and convolution on𝐷(𝑋) =

SpX for an𝔼∞-space𝑋. It isnowobviouswhat todo: wepass to the left adjoints in theSpan(Fin)-
direction, at the cost of turning commuting squares into oplax ones. Beware that𝐷 is strongly
monoidal in this case.

⋮ ⋮ ⋮ ⋰

1 𝐷(𝑋)⊗(1⋅2) 𝐷(𝑋)⊗(2⋅2) …

1 𝐷(𝑋)⊗(1⋅1) 𝐷(𝑋)⊗(2⋅1) …

1 1 1 …

η! μ!

η! μ!

η! μ!

ε∗

δ∗

ε∗

δ∗

ε∗

δ∗

Example B.4 Theupper right 2-cell is a transformation (𝑥 ⊗X 𝑚) ⊗X (𝑦 ⊗X 𝑛) → (𝑥 ⊗X 𝑦) ⊗X (𝑚 ⊗X 𝑛),
which wementioned in section 3.2.
More generally there is a transformation

m

⨂X
𝕊

i=1
⎛
⎝

n
⨂X
j=1

𝑥ij⎞
⎠

→
n

⨂X
j=1

⎛
⎝

m

⨂X
𝕊

i=1
𝑥ij⎞

⎠
,

whose meaning and possible applications aren’t yet clear to me at the moment.

Exercise13 (formeaswell) Can Ideduce fromthe𝑛 = 2 caseabove that the self-dualitySpX → FunL(SpX, Sp)
is (at least lax) monoidal, with both sides equipped with (Day) convolution?
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